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LEWY’S CURVES AND CHAINS ON
REAL HYPERSURFACES
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JAMES J. FARAN V

ABSTRACT. Lewy’s curves on an analytic real hypersurface M = {r(z, ) = 0} in C>
are the intersections of M with any of the Segre hypersurfaces Q,, = {z: r(z, w) =
0}. If M is the standard unit sphere, these curves are chains in the sense of Chern
and Moser. This paper shows the converse in the strictly pseudoconvex case: If all
of Lewy’s curves are chains, M is locally biholomorphically equivalent to the
sphere. This is proven by analyzing the holomorphic structure of the space of
chains. A similar statement is true about real hypersurfaces in C*, n > 2, in which
case the proof relies on a pseudoconformal analogue to the theorem in Riemannian
geometry which states that a manifold having “sufficiently many” totally geodesic
submanifolds is projectively flat.

0. Introduction. Let M = {z € C"*": r(z,z) = 0} be a nonsingular (dr # 0)
real-analytic (r is a real-analytic function on C"*') real (» = 7) hypersurface in
C**!. For example, M may be the boundary of a bounded domain D in C"*!.
Since r is real-analytic, it makes sense to define a function r(z, {) on C**! x C**},
at least for { near z. The set M = {(z, §) € C**' X C**': r(z, §) = 0} is the Segre
family associated to M, and does not depend on the choice of the defining function
r. 9 is a family of complex hypersurfaces @, = {z € C"*1: r(z, ¢) = 0} parame-
trized by {. First studied by B. Segre [4], the Segre family associated to a real
hypersurface has been the subject of some recent study ([1], [3]), most usefully in
the biholomorphic classification of real ellipsoids [6].

As an example, let M be the unit sphere S***! = {z € C"*!: I*tl|z*P -1 =
0}. Then the associated Segre hypersurfaces @, = {z € C"*': 2%t} 2%, — 1 = 0}
are just the complex hyperplanes in C**'.

Consider now the case n = 1-a real hypersurface M in C2. In this case, the
associated Segre hypersurfaces Q. will be complex curves, and if Q, intersects M
transversely, O, N M will be a real curve in M. As { varies, we obtain a family of
curves in M. This family of curves was first brought to my attention by H. Lewy.
In conversations with S. S. Chern and N. Stanton I have referred to these curves as
Lewy’s curves, and I see no reason for stopping now. (The theorem in §1 below I
obtained from Professor Lewy-—although the proof given is my own concoction.)
Lewy’s curves are those curves in M given by the intersection of M with one of its
associated Segre hypersurfaces.

Forn > 1,0, n--- NQ, will be, in general, a complex curve. So we can still
refer to Lewy’s curves, meaning the intersections M N @y N - - N Q.
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98 J. J. FARAN V

Returning to our example above, it is easy to see that Lewy’s curves on S2**! are
precisely the intersections of $2"*! with complex lines in C**!. It is well known
that these are chains in the sense of Chern and Moser [2]. One is naturally led to a
question first posed by H. Lewy: Are Lewy’s curves always chains? Or, more
precisely, for what real hypersurfaces are Lewy’s curves chains?

The answer is only the sphere. The purpose of this paper is to show that if M is a
real hypersurface all of whose Lewy’s curves are chains, then M is locally
biholomorphically equivalent to the sphere $2"*!. When n = 1, this is done by
showing that the space of chains has a natural complex structure (which it does
have if it is the space of Segre hypersurfaces) only when M is pseudoconformally
flat (and hence locally biholomorphically equivalent to the sphere). When n > 1,
this sort of argument gets complicated, and we resort to more geometric methods.
We shall prove an analogue of the theorem in Riemannian geometry which states
that if a Riemannian manifold M of dimension greater than two contains totally
geodesic hypersurfaces tangent to every tangent hyperplane then M is projectively
flat (and hence by Beltrami’s theorem has constant curvature).

The outline of the paper is as follows. §1 contains the basic results needed about
Segre families and Lewy’s curves, §2 those about real hypersurfaces and chains. §3
takes care of the case n = 1, and §4 the case n > 1, including a proof of the
analogue mentioned above.

Finally a word about indices: upper case latin 4, B, C,... run fromOton + 1,
lower case greek a, B3, v, . . . from 1 to n, and lower case latinj, k, /, ... from 1 to
n—1

1. Segre families and Lewy’s curves. Let D = {z € C"*": r(z,7) <0} be a
strictly pseudoconvex domain in C"*! with nonsingular real-analytic boundary
M={ze€C*":r(z,z) = 0}. Let

M = {(z,§) eC™*!' x C"*: r(z,§) = 0}

be the Segre family of hypersurfaces. Q. = {z € C"*': r(z, §) = 0} associated to
M. In this section we shall state the basic facts about O that we shall need. First,
let us show that Lewy’s curves actually exist.

THEOREM. Let D = {z € C"*': r(z, 2) < 0} be a strictly pseudoconvex domain in
C"*! with real-analytic boundary M = {z € C"*': r(2,7) =0}, O, = {z € C"*!:
r(z, w) = 0} one of the associated Segre hypersurfaces. Then locally,

DifweD, Q. N M=,

) if WeM=09D,0;, "N M= {w},

(i) if w € C**'\ D, O, N M is diffeomorphic to S*"~'.

(By “locally” we mean the following: Let z, € M. Then for some sufficiently small
neighborhood U of zy in C"*' we have

DifweDNU(Q;N"nMNU=G,

ifweMn U (QsNn M)Yn U= {w)},

(i) if w € U\N(D n U), (Q, N M) n U is diffeomorphic to S**~'.)
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PrOOF. For z in M near z, choose Moser normal coordinates for M centered at z
in such a way that they depend smoothly on z. Define curves v,(?) for ¢t € (—¢, €)
by v,(f) = (0, ..., C, it) in the normal coordinates centered at z. v,(¢) is a curve
transverse to M passing through z. Define y: M X (—¢, &) >C"*! by y(z, 1) =
v,(#). v is a local diffeomorphism near M X {0}. Thus any w € C"*! near z, is of
the formw = (0, . . ., 0, i7) in normal coordinates centered at some z € M near z,,
Thus it suffices to show that (i), (i), and (iii) hold for M in normal form,
w=(0,...,0,ir) while U depends continuously on the coefficients in the normal
form.

In normal coordinates, the equation defining M is

Im(z"*) = ga'gz"‘z'§+ > FKZ(Re(z"“))ZKZ’:
B=

@ 1 K,L
|K|+|L|>4
IKLIL|>2
where g,z is the identity matrix and K, L are multi-indices of dimension » (e.g.,
K=(ky, ..., k), |Kl=k +--- 4k, ZK=(@Yo--- ). If w=
©,...,0,it), Q, is given by z"*' = —jz. (This is the advantage of using the normal
form-Qj is just a hyperplane.) Therefore Q; N M is given by
"t = g, (1.1)
—t =3 g.52%P + 3 Fep(0)ZXzZE. (1.2)
a3 K,L

For small values of |z*| the second term on the right-hand side of (1.2) is
dominated by the first. Thus for small ¢ and small |z%|, Q; N M is diffeomorphic
to the set given by

" = i, -t=7 gagz"zﬁ. (13)
a*B
Moreover, the bounds on ¢ and |z%| may be chosen to depend continuously on the

F,i(0).

Examination of the equations (1.3) shows that O, N M is (i) & if ¢+ > 0, (ii) the
origin if ¢ = 0, and (iii) diffeomorphic to the (2n — 1)-sphere in C" if 1 < 0. But
t > 0 (=0, < 0) precisely when w is inside (on the boundary of, outside) D.

This theorem is of greatest interest, perhaps, when n = 1. In that case, if
w€E€C*\ D, ;N M is a curve in M. These curves we call Lewy’s curves. In
higher dimensions (n > 1), Q; N M will not have real dimension one. However, if
we choose wy, . .., w, so that the Q intersect transversely, Ny, Q5 N M will be
a curve, and we call such curves Lewy’s curves.

For w, near z, € M the transverse intersection of the Q is a generic condition.
To see this, consider the following interpretation of IM. (z, §) € 9N if and only if
z € Q. Thus to (z,§) € 9N one can assign the hyperplane element 7,Q;-the
tangent plane to Q, at z. In this fashion we obtain a natural map F: (z, §) > 7,0
from 9 to the space PT*C"*! of hyperplane elements of C**!. F is a holomor-
phic map of a complex manifold of dimension 2n + 1 to one of the same
dimension. A calculation of the Jacobian of F (see [3], cf. [6]) shows that F is a
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local biholomorphism near points (z, z) € 9 (since M is strictly pseudoconvex).
Thus, in particular, F, as a map from {(z,{) € IM: z = z,} to the projective
n-space PT*C"*! of complex hyperplanes in C**! through z,, is a local biholomor-
phism. Now if zy € N , @5, the intersection will be transverse at z, if the
T, Oy, = F(zo, W) are in general position (as points in the projective n-space
PT:C" 1. This is well known to be a generic condition on the T, O, Since Fis a
local biholomorphism, it is a generic condition on the w, if the w, are close enough
to z.

Using the map F we can transfer any local structure on 91 to one on PT*C"*!.
The structure we have in mind is the following. Let 9’ be the C* differential ideal
on 9N generated by dz'ley, ..., dz"* Yo, §” the C*™ differential ideal on OM
generated by d¢|op, - - - > @i ilon- (97 (97) naturally corresponds to the ideal
generated by forms of type (1, 0) (type (0, 1)) restricted to M.) §’ and 9” are both
closed (d9’ c 9’,d$” c 9”) and generated by forms which are type (1, 0) on the
complex manifold 9. 9’ and §” are invariant under holomorphic changes of
coordinates in C**! x C"*! preserving the factors and give 9N the structure of an
abstract Segre family [3] from which all the local invariants of 9% may be derived
[1]. Using the map F we obtain similar ideals 9’, $” on the space of hyperplane
elements PT*C"*!. Note that the Segre hypersurfaces are the leaves of the foliation
§7 =0.

2. Real hypersurfaces and chains. In this section we recall the definition of chains
and construct a bundle over the real hypersurface M which corresponds to the
bundle of line elements of C**'. Chains correspond to leaves of a certain foliation
of this bundle.

Let SU(n + 1, 1) be the group of complex (n + 2) X (n + 2) matrices 4 such
that AQ'A = Q, where

0 0 i/2
o= 0 I, 0
-i/2 0 0

Let su(n + 1, 1) be the Lie algebra of SU(n + 1, 1) (matrices / such that /Q + Q'f
= 0). Elements of SU(n + 1, 1) act on C**? as linear transformations; hence they
act on P"*! as linear fractional transformations. This action preserves the real
hyperquadric {[{] € P**": Q¢ = 0}. SU(n + 1, 1) acts transitively on the real
hyperquadric. The group H of elements of SU(n + 1, 1) fixing a given point of the
real hyperquadric may be identified with the group of matrices

t 0 0
T=|t, £ 0 |esun+1,1). 2.1
r ® !

Let M be a strictly pseudoconvex real hypersurface in C**!. Then there is an
intrinsically defined structure bundle Y over M (a principal bundle with group H)
and an su(n + 1, 1)-valued Cartan connection 7 = (7/) on Y (see [2]). Given a
local section 0: M — Y one obtains an su(n + 1, 1)-valued one-form & = o*7 on
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M. Since any two sections differ by an action of H, since = is a Cartan connection
any two such forms on M are related by

&=dT-T™ '+ ToT ™, 22)

where T is of the form (2.1).
« satisfies the structure equations

dr =a A7w+1I (2.3)
where
0 0 0]
n= I; mf o (24)
I-Ig+| Hf a1 0 J

is a two-form with values in the Lie algebra of H. Moreover

n£=2Sﬂ-ﬂo/\ﬂo+ 2 ‘”o/\ﬂ

52 "70/\77

7, =%po Ea A\ T§ + - ZPB,,s/\,”,.H
+%§Qaﬁ,”0/\,”n+l,
I, = é S Parg A5 — g Z Rymb A !
_%E_Ra”_g/\”t?“ @.5)
;
with
S S5 =3 Vo, = SRe(P2) = 0. (2.6)

I1 is the curvature of the connection 7 (again, see [2]).

Y is a bundle of coframes in the following sense. A section ¢ of Y (over an open
set U C M) is determined by fixing a choice of &) — &/t = o*(my*"), &f =
o*(ng) and &3 — & = o*(wd — w}) (over U). One’s choice of &*! is de-
termined up to a multiple, for & *' annihilates the maximal complex tangent space
TcM of M (the real hyperplane in TM C TC""l preserved by the complex
structure J: TC**! - TC**!). One’s choice of & is restricted by the condition
that &¢*', &, . . ., @ form a basis for the dnfferentlal forms on M that are the
restriction of forms of type (1, 0) on C**'. &3 — &2} can then be chosen to satisfy

+1 _ =~ ~ n+1 +1 0 +1
dof*t —af \NogT + wg /\(wo—w,:'_,,,) 0

(cf. (2.3)). The forms & *!, &g, & %! = 21w0 form a basis for "M ® C.
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The projections to M of the integral curves of the differential equation

0 0 1
=0 0 0 2.7)
0 0 0]

in Y are called chains. Chains are always transverse to the maximal complex
tangent space of M. Moreover, given a point p € M and a tangent direction X
transverse to the maximal complex tangent space at p there is a unique chain
through p with tangent X. The differential equation (2.7) gives us more than just
the curves—it also gives us an intrinsic projective parameter along each chain and a
certain notion of parallel translation. If we wish to ignore these, we should look
only at the differential equation
78 =gttt =0, (2.8)
This is a system of second order differential equations on M. To make this more
explicit, let y be a curve transverse to the maximal complex tangent space of M.
Let &f*!, &g, @1 — &3 be a local coframe on M, & = (&%) the corresponding
connection form. Since y is transverse to w"“ = 0, we may parametrize y = }"(t)
so that &7 *'(y(T)) = 1. Then if &f" = &f — af(y)of*", we have that &f’(y) =

So let w* be the connection form corresponding to the coframe &%, 6)5",
orhl — @) — S5 @ (N@f + Sp @8 (7)ag*". Then y is a chain if and only if

wg " Iy) = 0 Usmg (2.2) one calculates that
ol =d@f() + 2 Ge(V)af — T af(s(var!
)
+af,, — af(Mart.

So the differential equation describing chains may be written
(wo(Y)) 2 [ —@fG) + af(ag*'(¥) + 88a,5 (1) ]ag(¥) — a1 (3)-

(29)

Our objective here is to study the “space of chains” (unparametrized, unframed
chains). Unfortunately, because of the complicated global behavior of chains, the
“space of chains” is quite intractable. To avoid this, we consider instead the space
of pointed chains, an element of which is a chain y together with a point p on y.
Equivalently, we may take the point p together with a direction at p transverse to
the maximal complex tangent space (for such a direction determines a unique chain
)

Solet E={X € TM\T:M}/X ~AX, A €R. Given X, € M,\ T-M,, any
other X € TM,\ TcM, may be written uniquely as X = Y+ )\XO, for )\ ER,
Ye TcM,. Or, alternatively, X = M(Y + X), AY = Y. Thus one may associate to
the direction [X] € E, the vector Y € TcM,. Thus E, may be identified with
TcM, (the identification depending on the choice of Xo). E is a fiber bundle over
M with fiber C".

E may also be viewed as a quotient bundle of Y. To a direction [X] we can
associate all coframes &f*', &g, &8t — &) with &g(X) = 0. The set of such
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coframes is acted on transitively by the group H’ of matrices

t 0 0
T=/0 t# 0 |eH. (2.10)
r 0 ¢!

In this fashion, we obtain a mapping E —» Y/H'.

A third way of looking at E is as a real hypersurface in the bundle of line
elements over C"*'. To [X] € E, associate the complex line in C**' through p
spanned by X.

One can put coordinates on E in the following way. Let p € M. Choose a basis

'y .., 0" for TYC"*! in a neighborhood of p so that w”+'|M annihilates

TM. Then choose a coframe &*! = w"*!|,,, & = w®, &} — &g for M. Then if
(z', ..., z"*Y are coordinates on C"*!, we may put coordinates
G, ...,z ., $") on PTC"*! (the bundle of line elements over C**!) by
associating to (z',...,z"*, ¢, ..., ¢") the tangent line at (z', ..., z"*") given
by w* + (%' = 0.1f (z,. .., z"*") € M, we similarly have coordinates on E:
to (z',..., 2", ¢ ..., ¢") associate the tangent line given by &f + {*af*! =
0. With respect to these coordinates the map E — PTC"*! is the identity map.
Having chosen the coframe & *!, &g, &' — & locally, we also get coordinates
for Y. The choice of coframe gives us a sectiono: M — Y. Let & = o*#. Then to a
point (x, T) € M X H associate the coframe &f*!, &¢", drH!" — @ at x, where
@* = ToT~'. This gives coordinates (x, T) on Y. In these coordinates, the

connection on Y is given by

7=dT-T~'+ ToT ™. (2.11)
Similarly, if we write
1 0 O
C'={T=|t, 8 0|e€H 1 e€C Im(r)=0} (2.12)
r 1

E is coordinatized by sending (x, T) € M X C" to the direction & = 0, where
&* = ToT ™ '. Then a section o: E — Y is determined by a matrix S € H”:
o(x, T) = (x, S- T). From (2.11) it follows that

0 = o*n=4dS- S"+S(T6)T‘ +dT-T~Y)S™ L. (2.13)
The forms 87+, 8¢, 6, 97+, 0"“ span T*F ® C and are well defined up to a
transformation

06.+|~ — |’|_20(;'+|’ 06" = 2 t_lt;%g,
B

O =2 — tt7'rgbf + S regof, (2.19)
B B
where
t 0 0
s=(0 ¢ o0 |eH. (2.15)
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In particular, the equations 8¢ =8¢ = 02,, =02, , = 0 give a well-defined folia-
tion of F by curves. It follows from the definition of chains that the projection of
these curves to M are chains of M. Moreover, if y(¢) is a chain on M, the curve
[vY(?)] in E will be an integral curve of the foliation (2.15).

3.n=1

THEOREM. Let M be a strictly pseudoconvex real-analytic real hypersurface in C2.
If all of Lewy’s curves are chains, M is locally biholomorphically equivalent to the
sphere {(z, w): |z|* + |w|* = 1}.

The proof of this theorem can be reduced to an examination of the structure
equations (2.3). Because we are in C2, a tangent hyperplane is a tangent line:
PT*C? = PTC2 On PT*C? we have the Segre family structure associated to M, in
particular, the ideal 9, the integral curves of which are the Segre hypersurfaces.
Restricting the bundle PT*C? = PTC? to M we obtain E. The integral curves of
$|E projected to M are Lewy’s curves. Our assumption is that the integral curves of
| E are all chains, hence integral curves of (2.15).

Suppose 63 = 6, and 6%, , = @, are the restrictions to E of forms of type (1, 0)
on PTC? Then J|E is generated by 8, and 8,. The structure equations (2.3) then
give

do, = 6, \(8) — 07) + 6 N\ 6 + ©),
where § = o*m, © = ¢*I, for some section o: F — Y. From (2.5), ©} =16*(Q})4,
A 0. Thus, modulo (84, 8,), d8; =30*(Q7)84 N 63. Since ; and 67 are linearly
independent, d§ C § implies 6*(Q7) = 0. Hence Q7 is identically zero. It then
follows from Bianchi identities [S] that the curvature # vanishes identically, i.e., M
is flat. A standard application of the Frobenius theorem yields that M is locally
biholomorphically equivalent to the sphere.

We have left to show that our supposition above is justified.

LEMMA. The forms 63, 2%, , are the restriction to E C PTC'*! of forms of type

1, 0).
PROOF. Choose a coframe & *!, &g, &}l — &3 for M. We have seen that &g+

and &g are restrictions of forms of type (1, 0). Taking S = identity matrix in the
definition (2.13) of #, we obtain 4§ = &F — r°&¢*!, where the 7% are the fiber
coordinates (2.12) of E — M. So the 8 are the restrictions of forms of type (1, 0).
To check that the 8, | are the restrictions of forms of type (1, 0) it suffices to check
that for any local holomorphic section a: C**' > PTC"*!, (0|p)*62,, is the

restriction of forms of type (1, 0), or, alternatively, that
(04)*67,1 =0 mod(ag™*', &5)-
So let 6: C"*!' > PTC"*! be a local holomorphic section. Choose forms w® (of
type (1,0)) so that, for z € C**!, the line o(z) is given by w®(z) =0. ¢ is
holomorphic if and only if dw® =0 mod(w', ..., w"). Choose a local coframe

&t af, artl" — & for M with & = w®|,, and let & be the corresponding
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connection form. Then, in the coordinates (2.12), o|,, is given by X !—) (x, I), where
I is the (n +2) X (n + 2) identity matrix. Thus (a|,)*8%;, = &2 ,, where §* =
To*T '+ dT-T 'asin (2.13). The structure equations tell us that, modulo (w?),
dw® =dof” = of*" A&%,. Thus dw* =0 mod(w”) implies that &, =0
mod(w’l+l 6"). The lemma then follows from the transformation law (2.14).

4.n > 1. When n > 1, PT*C"*! is no longer PTC"*!; hyperplanes are not lines.
So the proof given in the previous section breaks down. It may be possible to patch
it up—the definition of Lewy’s curves, involving as it does certain generic intersec-
tions, is slightly jury-rigged, and so one might expect to need a bit of jury-rigging to
prove anything. We shall instead obtain the same theorem as before (but for n > 1)
by proving an analogue of a classical theorem in Riemannian geometry: Any
Riemannian manifold of dimension greater than two with the property that
through any point and tangent to any tangent hyperplane there exists a totally
geodesic hypersurface is projectively flat (and hence has constant curvature).

Our first step is to describe what is meant by a totally geodesic hypersurface in a
real hypersurface M. Because M has a partial complex structure (TcM), we shall
not look at all hypersurfaces in M, but rather those which inherit some of the
complex structure.

DEFINITION. 2 C TM, is a tangent CR hyperplane if (1) Z is a real codimension
two hyperplane in TM,, (2) £ is transverse to the maximal complex tangent space
TcM,, and (3) 2N TCM is a complex hyperplane in TcM, (i.e., is preserved by
the complex structure J).

DEFINITION. A real codimension two submanifold S C M is a CR hypersurface in
M if every tagent plane TS, is a tangent CR hyperplane.

If S is a real-analytic CR hypersurface in M one can show that S is the
transverse intersection of M and a complex analytic hypersurface in C**'.

Let S be a CR hypersurface in a real hypersurface M. One can choose a coframe

of*th o, ortl — @3 on M so that S is given by
&g =0, @.1)
since TS N TM is complex. The Frobenius integrability conditions are
do¢ =0 mod(®g, @F ). 4.2)
Thus, from the structure equations
SHAG + o Awry =0 mod(ag, @) 4.3)
J
(Recallj, k,/,... =1,...,n — 1) Therefore, applying Cartan’s lemma to (4.3),

2 &% + Bogt! mod(ag, @),
&, = 2 3,06 + Cog*' mod(ag, of (4.4)

for some functions 4, B;, C with
Ay = Ay (4.5)
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DEFINITION. The quadratic form

11 =3 4,00l + 23 Bakagt' + Cag*") (4.6)
Jik k

is the second fundamental form of the CR hypersurface S.

PrROPOSITION (4.7). I1 = O if and only if every chain in M tangent to S is contained
in S.

Proor. First, assume every chain in M tangent to S is contained in S. Choose a
local coframe &F*!, &g, ot — &9 for M with S = {&F = 0}. Let y(¢) be a chain
of M contained in S, parametrized so &}*'(y) = 1. By assumption, &g(y) = 0.
Thus, from (2.9),

0= 2 @5(1) = — HDH) — ()
J
= = SEHMH) — o (DaE () = ~ 1, 7).
J

This holds for any y € TS with &¢*!(y) = 1, hence for any y € TS with a8 '(y)
% 0. By continuity, it holds for all y € TS, i.e., I = 0.

Conversely, if II = 0, the above calculations show that the chain equations (2.9)
reduce to a system of ordinary differential equations on S. It follows that every
chain in M tangent to S is contained in S.

DEerFINITION. A CR hypersurface is totally geodesic if the associated second
fundamental form II = 0.

Suppose S = {&; = 0} is totally geodesic, so &" = &, = 0 mod(&g, &g) (and
hence, by the symmetries of &, & = &"*' = 0 mod(&f, &F)). From the structure
equations (2.3) it follows that, mod(&g, (I)_(;'), 0=da" =11}, where Il = d& — & A\
& is the curvature of the connection form &. Writing

n n -~ ~0 1 nr~a ~n
IT? = zsjaa“’o /\ &g +§2 Via®o NAag*!
— 5 2 Vaas Nagtl, (4.8)

we have, in particular,
.S}Z,— =0. (4.9)

So the existence of a totally geodesic CR hypersurface implies that a certain part of
the curvature must vanish. If we have many totally geodesic CR hypersurfaces, we
would expect all of the curvature to vanish. Indeed, we have the following.

THEOREM. Let M be a real-analytic strictly pseudoconvex real hypersurface in
C"*!, n > 2. Let X be a vector field on M transverse to the maximal complex tangent
space TcM. If, for all p in M and for all tangent CR hyperplanes = C TM,
containing X(p), there exists a totally geodesic CR hypersurface S tangent to £ at p,
then M is flat, i.e., its curvature I1 = 0.
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REMARKS. (1) M is flat if and only if M is locally biholomorphically equivalent to
the sphere S>**!' = {z € C"*': ||z|| = 1}. (2) The proof that follows actually
proves a version of the theorem that is stronger in two ways. First, M need not be
analytic, indeed we just need M to be a smooth nondegenerate Cauchy-Riemann
manifold. Second, we do not need quite so many totally geodesic CR hyper-
surfaces. The space of tangent CR hyperplanes = containing X is a bundle over M
with fiber complex projective space P". Indeed, if we split TcM ® C = H'° @
H%' where H'® (H%") is the plus (minus) i eigenspace of the complex structure J,
we can identify the space of CR hypersurfaces with the projectivization PH % of
the dual of H'°. (An element of PH'” is a line in H'%"; the annihilator of this
line is a hyperplane T in H'%; T & T c TM ® C is preserved under conjugation,
s0 T ® T = Ty ® C for some hyperplane Ty in ToM; then = is the span of Ty
and X.) The theorem above remains true if we merely assume that there exists an
open set U in PH %" whose projection to M is all of M such that for all = in U
there is a totally geodesic hypersurface tangent to Z. We shall need to use this
stronger result later. (3) This theorem is local. If the hypotheses are true in a
neighborhood of a point ¢ in M, the conclusion is true in a neighborhood of q.

PrOOF OF THEOREM. Choose a local coframe on M (hence a connection form &)
so that @g(X) = 0. Let I = d& — & A\ & be the corresponding curvature form. I1
may be written in a form similar to (2.5) (cf. (4.8)). We have seen that if &5 = 0
defines a totally geodesic CR hypersurface, then

2 Spss Ndg =0 mod(@g, &g ).
a,o

If we eliminate the dependence on the special index n, we obtain the statement that
if u,&§ = 0 defines a totally geodesic submanifold, then

S vhu Spae8 N og =0 mod(z wod S w w_(‘,') (4.10)

G.v5 a
a,5,7,0

for all v# such that

%vﬁuﬁ =0. (4.11)

Our assumption is that this statement is true at all points of M and for all vectors
(uy, - - -, u,). In particular, consider vectors of the form (u,, ..., u,_,, -1). (4.12)
then becomes

o" = 2 U-’uj_ (4.12)
J

Thus the v’ may be chosen arbitrarily, at which point 0" is fixed. Modulo

4 u, 08, 2, u, &g) we have

=D us, =2 u of. (4.13)
J J
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Using (4.12) and (4.13), (4.10) becomes

; k — ok k
> 2 U’{ 2w Sim + e Sinm + U Uy, S + Uy Uy, Sz
Im j k

k k L gk
+ Uty Spis F U Uy S + Wy Uy Sy + Ut Uy Uy, S,

nim

[ S + WS + U S + 1y Sz + 4 St + %Sz

+ 4, S+ 4 g Sn’:u?] }‘:’é N g
=0.

Since the v’ are arbitrary, and because the &} and &;" are linearly independent, the
term in the curly brackets must vanish. That term is a polynomial in »; and ;J Our
hypothesis is that this polynomial vanishes identically. (The weaker hypothesis
mentioned above is that the polynomial vanishes on an open set of the u;—but in
that case it must also vanish identically.) Thus all the coefficients must vanish. It
remains to show that this implies that the tensor SJ5; = 0, because if SJ;; = 0, it

follows from the Bianchi identities [S5] that IT = 0.
After symmetrizing where necessary, the vanishing of the coefficients above gives

us that forallj, k, I, m,p=1,...,n—1
Sim =0, (4.14)
S =0, (4.15)
Siz — 8 Spm — &St = 0, (4.16)
Stz — 0 Spa —8/Spz = 0, (4.17)
8PSk + 8PSk — (8%8F + 8f8F)Smm = 0, (4.18)
8PSk, + 8PSk, — (8%F + 8/87)Sps =0, (4.19)
Sk-=0, (4.20)
Sk.=0. (4.21)
Summing (4.18) and (4.19)over/=p=1,...,n — 1,
nSkm —n8fSmm =0, (4.22)
nSp; —n8fSpn: = 0. (4.23)
Summing (4.16), (4.17), (4.22), (4.23),overj =k =1,...,n— 1,

2 Stm —nSpm =0, > Sk —nSp- =0,

k k
S Sk —nSt_=0, XSk.—nS:. =0. (4.24)
k k

The trace conditions (2.6) give that ¥, S,f,g = — S, Using this in (4.24) we
obtain ~(n + 1)S= =0, -(n + NS;: =0, -(n + NS5z =0, -(n + 1)S,; =0.
Therefore

Spim =0, Sz =0,

Sr-=0, Sr.=0. (4.25)
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Substituting (4.25) into (4.16), (4.17), (4.22) and (4.23) we obtain
S ‘iﬁ =0, S/;cﬁ =0,
Ska=0, Ski=0. (4.26)

nm

Examination of (4.14), (4.15), (4.20), (4.21), (4.25) and (4.26) and use of the
symmetry S); = Si,; (Which follows from the Bianchi identity 0 = 4§ = &f A
0§ + &f *' ATIZ, ) shows that SY; = 0 for all &, B, v, o, finishing the proof of
the theorem.

Let us return now to the consideration of Lewy’s curves. Let M be a strictly
pseudoconvex real-analytic real hypersurface in C"*!, n > 2. Recall that in this
case, Lewy’s curves are defined as M N (Q, N - NQ,) where the Q, are
Segre hypersurfaces associated to M. Assume that every one of Lewy’s curves is a
chain.

LEMMA. If Qg is transverse to M, S; = Qg N M is a totally geodesic hyper-
surface in M.

PROOF. Let p € S . Since the map F: I — PT*C"*!is surjective, the T,Q; fill
out a neighborhood of 7,0, for w near w, such that p € Q;. Hence every
direction tangent to S; and transverse to the maximal complex tangent space may
be described as T,M.N T,0; N T,0; N --- NT,Q05 | for some w,,...,w,_,
near w,. Thus every chain of M tangent to S; may be written as M N Qg
N+ NQs  C S5, since every one of Lewy’s curves is a chain. By Proposition
(4.7), S5, is totally geodesic.

As w, varies, the tangent spaces T'S; vary over an open set of tangent CR
hyperplanes. In particular, the hypotheses of the stronger version of the theorem
above (see Remark (2)) are satisfied. Hence, M is flat. We have proven

THEOREM. Let M be a real-analytic strictly pseudoconvex real hypersurface in
C"*' n > 2. If all of Lewy’s curves on M are chains, then M is locally biholomorphi-
cally equivalent to the unit sphere in C"*'.
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